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Abstract 
A graph can be metrized by assigning a length to each of its edges. Such a graph is said 
to be geodetic if for each pair of vertices there is a unique geodesic joining them. It is said 
to be normally geodetic if each of these unique geodesics i  one of the geodesics in the usual 
metrization of the graph in which each edge is given unit length. It is shown that every graph 
admits a normally geodetic metrization. 
Geodetic metrizations of the four- and eight-connection graphs of the digital plane which can 
be processed easily on a computer are investigated. Examples are given of normally geodetic 
integral metrizations of arbitrarily large rectangular blocks of these planes. However, it is proved 
that there are no normally geodetic metrizations of the whole of these planes which are periodic 
in each variable. @ 1999 Elsevier Science B.V. All fights reserved 
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1. Introduction 
In this paper we investigate metrizations of  the four-connection graph and of the 
eight-connection graph on the digital plane for which geodesics between pairs of ver- 
tices are unique. For some applications it may be preferable that these unique geodesics 
lie on the same paths as geodesics in the usual metrization in which each edge has 
unit length. Moreover, for computer processing of a metrization it would be helpful if 
the edge lengths were periodic, in order to limit the amount of information eeded to 
record the metrization. We prove that it is not possible to metrize the whole digital 
plane so that both these desirable properties hold, and indicate bounds on the sizes of  
rectangular regions on which it is possible. We also give examples of  metrizations of  
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the whole plane with the first property. We conjecture that it is not possible to metrize 
the whole of the four-connection plane or the eight-connection plane with periodic edge 
lengths so that geodesics are unique, but have not been able to resolve the conjecture. 
The paper starts with proofs that every graph can be metrized in such a way that 
there are unique geodesics, each of which is a geodesic in the usual metrization with 
unit edge lengths. Indeed, it is possible to choose for each pair of vertices one of the 
geodesics in the usual metrization, and then assign edge lengths so that the chosen 
paths are the unique geodesics relative to the new metrization. The investigation of 
metrizations of the four- and eight-connection graphs on the digital plane is then pre- 
ceded by some observation on the use of maximal trees to construct metrizations with 
unique geodesics. 
2. Geodetic and normally geodetic graphs 
In this paper all graphs will be connected with no loops or multiple edges, and with 
finite valency at each vertex. One standard metric on a graph is obtained by giving 
each edge unit length. Then each path in the graph has a length and the distance 
between any two points in the graph is the minimum length of paths between them. If 
each edge is parametrized then this defines distances between all points in the graph, 
while the distances between vertices are all integral. In some applications, for example 
to routing problems, the edges of a graph may be allocated different lengths, often 
integers, though sometimes rational. One may still be interested in distances between 
all points of the graph, between all vertices of the graph, or only between vertices of 
a designated subset. 
A geodesic is a path whose length is the distance between its end points. A graph 
is said to be geodetic [1] if for each pair of vertices there is a unique geodesic joining 
them. The property seems to have been studied only for graphs with the standard 
metric obtained from unit length edges. However, it can be studied also for graphs 
with other metrics, and the definition can be varied to require that pairs of points in 
some designated subset of the graph are joined by unique geodesics. Note that if a 
graph has the property that between each pair of points, whether the points are vertices 
or interior to edges, there is a unique geodesic joining them, then the graph has no 
cycles so that it is a tree. 
If the edges of a graph are given integer lengths then one can augment the graph by 
cutting the original edges into unit lengths with the introduction of additional vertices 
of valency 2. In an application it may be more significant o have unique geodesics 
between pairs of vertices in the original graph than between pairs of vertices in the 
augmented graph. We shall be concerned here with geodesics between vertices of a 
graph which has been metrized by the allocation of lengths to its edges. The length 
I(~) of a path ~ between two vertices is the sum of the lengths of the edges in the 
path, and the distance d(u, v) between two vertices u and v is the minimum of the 
lengths of paths between them. The corresponding metrization in which all the edges 
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are given unit length will be called the unit-edge metrization. In this case the length of 
a path will be denoted by ll(y) and the distance between two vertices will be denoted 
by dl(u,v). 
A metrization will be said to be geodetic if each pair of vertices of the graph is joined 
by a unique geodesic. In some cases it may be desirable for a geodetic metrization of 
a graph to have the property that for each pair of vertices the unique geodesic joining 
them is one of the geodesics joining them in the corresponding unit-edge metrization of 
the graph. In this case the metrized graph will be said to be normally geodetic. This 
certainly implies that the geodesic joining neighbouring vertices is the edge joining 
them. A geodetic graph which satisfies this weaker condition will be said to be geodetic 
with edge geodesics. 
A number of our colleagues have pointed out that if the edges of a finite graph are 
allocated lengths in such way that two paths have the same lengths if and only if they 
contain the same edges then the metrization is geodetic. We are grateful to I.J. Leary 
for the observation that if, in addition, the length of each path in the new metrization 
differs from its length in the unit-edge metrization by less than one then each geodesic 
in the new metrization will be one of the geodesics in the unit-edge metrization, so that 
the new metrization will be normally geodetic. The particular choice of edge lengths 
used in the proof of the following theorem is due to I.J. Leary. It uses the fact that 
for each prime p two sums of the kind ~(1  - p- i )  are equal if and only if they are 
summed over the same set of indices. The second result of this section shows that the 
edges of each finite graph can be allocated lengths to make it normally geodetic with 
preselected geodesics. 
Theorem 1. Each enumerable graph can have rational lengths allocated to its edges 
to make it normally geodetic. I f  the graph is finite then the lengths can be taken to 
be positive integers. 
Proof. Enumerate the edges of the graph. For some prime p allocate length 1 - p- '  
to the edge ei. Then the length of a path is the number of edges in the path minus 
p--i the sum being taken over the indices corresponding to the edges in the path. 
Since this sum is less than one, two finite simple paths in the graph have the same 
length if and only if the integer parts and the fractional parts of their lengths are 
equal. The first requires that they contain the same number of edges, and the second 
that they contain precisely the same edges as each other. Given two vertices u and v in 
the graph with the unit-edge metrization a geodesic between them has length d~(u, v), 
while for each non-geodesic path ~ between them l l(7)>Jdl(u,v)+ 1. It follows that 
I(7) > dl(u,v) > d(u,v) so that ~ is not a geodesic relative to the new metric. There 
are only a finite number of paths joining the two vertices which are geodesic relative 
to the unit-edge metrization, and precisely one of these has minimal length in the new 
metric. Thus, the new metrization is normally geodetic. When the graph is finite, the 
rational engths of the edges can be scaled up to be integral. 
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Theorem 2. Let G be a finite graph. For each pair of vertices u, v choose a path 
7(u,v) which is a geodesic in the unit-edge metrization of the graph G. Then the 
edges of G can be allocated lengths so that the resulting metric graph is normally 
geodetic and, moreover, for each pair of vertices u, v the unique geodesic joining them 
is the chosen path 7(u, v). 
Proof. I f  a graph with the unit-edge metric is not geodetic then there exists a pair of 
vertices u t, v ~ joined by more than one geodesic. Choose an edge e which is in the 
chosen geodesic 7(u', v ~) but not in all the geodesics joining u / and v'. For each path 
from a vertex u to a vertex v call El(a) = l l (~)--dl(u,v) the excess of c~. Let 6 be the 
minimum excess of all the non-geodesic paths which contain the edge e. A new metric 
d2 on G is obtained by allocating length d2(e) - -d l (e ) -  6/2 to the edge e and length 
d2(f )  = d l ( f )  to every edge f ~ e. Then each path which is not geodesic relative 
to dl is not geodesic relative to d2. I f  no d~-geodesic path joining a pair of vertices 
u, v contains the edge e then they are all d2-geodesic paths. If  some d~-geodesic path 
joining a pair of vertices u, v contains the edge e then those paths which contain e are 
d2-geodesics and those paths which do not contain e are not d2-geodesics. Thus, the 
set of d2-geodesics i a proper subset of the dl-geodesics. The procedure can now be 
repeated until a metric is reached in which no pair of vertices is joined by more than 
one geodesic. Note that at each stage the minimum excess 6 is rational so that the 
new lengths allocated to edges are all rational, and by scaling they can all be made 
positive integers. 
3. Geodesics lying in a maximal tree 
A maximal tree of a finite graph can be used to allocate lengths to the edges of the 
graph so that it becomes geodetic. 
Theorem 3. Let G be a finite graph and let L be a maximal tree in G. Then lengths 
can be allocated to the edges of G so that the resulting metric graph is geodetic with 
all the geodesics lying in L. 
Proof. Let the diameter of L as a unit-edge graph be k. Allocate length 1 to each edge 
in L and length k ÷ 1 to each edge not in L. Then G is geodetic with each geodesic 
lying in L. 
This construction can be used to allocate lengths to the edges of either the four- 
connection or the eight-connection graph on the digital plane to make it a geodetic 
metrized graph with all geodesics lying in a maximal tree. The four-connection graph 
has vertices in Z 2 each of which is 4 valent, being incident with two horizontal and 
two vertical edges. In the eight-connection plane each vertex in Z 2 is 8 valent, being 
incident with two vertical, two horizontal and four diagonal edges. Let G be either the 
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Fig. 1. The double comb: The maximal tree is shown in solid lines and the other edges of the four-connection 
graph in dotted lines. 
four-connection or the eight-connection graph on Z 2, and let Gn be the restriction of 
G to the square -n<.x<~n,-n<~y<~n. For each positive integer n let Ln be a maximal 
tree in Gn such that L. is a subset of Ln+l. The direct limit of these finite maximal 
trees is a maximal tree L for G. Allocate length 1 to each edge of L., and let k. be the 
consequent diameter of L.. Allocate length k~ + 1 to each edge in G1 \ Ll and length 
k. + 1 to each edge of Gn \ (Gn_l UL.). Then given a pair of points in G there exists 
n such that the pair lies in Gn and is joined by a unique geodesic ~ in L., which is 
also the shortest path joining the pair of points in L. A path joining the pair of points 
which goes outside G. U L contains at least one edge which has length greater than k,,. 
Thus, 7 is the unique geodesic joining the pair of points in G. 
Example 1 (Double comb, see Fig. 1). Let L be the maximal tree in the four- 
connection graph on Z 2 which is the union of the edges on the line x = 0 and on the 
lines y = n for all integers n (Fig. 1). Allocate length 1 to each edge in L. In this case 
it is sufficient o allocate length 3n ÷ 1 to each edge on the line 14 = n for the graph 
to have unique geodesics all lying in L. The symmetry group of this metric graph is 
generated by reflections in the two axes and the unit translation T3 :(x, y) --~ (x, y+ 1). 
Example 2 (Four fronds, see Fig. 2). Let L be the maximal tree in the eight- 
connection graph on Z 2 which is the union of the edges in the lines y = Ix l and 
those in the segments x = n, [Yl >/Ix] for all integers n (Fig. 2). Allocate length 1 to 
each edge in L. If the other edges are allocated sufficiently large lengths then the graph 
has unique geodesics all lying in L. This metric graph has the symmetry group of the 
square. It is generated by reflections in the axes and the diagonals, and by rotation 
through 7t/2. 
No maximal tree is invariant under translations parallel to the axes. Indeed, no 
maximal tree is periodic in both variables, since this would imply the existence of a 
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Fig. 2. Four fronds: The maximal tree is shown in solid lines and other edges of the eigh-connection graph 
in dotted lines. 
loop. Thus, the edges of G cannot be allocated lengths such that the metrized graph is 
periodic in both variables and also geodetic with the all geodesics lying on a maximal 
tree. In the next section we prove that the edges of G cannot be allocated lengths such 
that the metrized graph is periodic, or has periodic differences, and is also normally 
geodetic. 
4. Non-existence of doubly periodic normally geodetic metrizations 
For computer processing of a metrization of a block of the four-connection r eight- 
connection plane it is helpful if the amount of information to be stored is small. This 
might result from the metric being periodic in each of the two variables. If all the 
geodesics lie within the block then periodicity of the metric is equivalent to periodicity 
of edge lengths. The next result puts bounds on the size of a block on which a doubly 
periodic metrization can be normally geodetic. 
We conjecture that there are no doubly periodic geodetic metrizations in which not 
all the geodesics are normal, but the question is still open. Doubly periodic metrizations 
of the whole plane would have a finite number of edge lengths. The question as to 
whether the four connection or eight connection plane admits a geodetic metrization 
with a finite number of edge lengths is at present intractible. 
Note that if each edge in the four-connection plane is given unit length then each 
geodesic onnecting a vertex (x, y) to a vertex (x + a, y + b) has lal horizontal edges 
and Ibl vertical edges. In particular, a path consisting of a horizontal segment joined to 
a vertical segment is a geodesic. Similarly, if each edge in the eight-connection plane 
is given unit length then each geodesic joining a vertex (x, y) to a vertex (x + a, y + b) 
has Min{la I, 1hi} diagonal edges and la -  b I additional edges which are horizontal if 
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lal > Ibl and vertical otherwise. In particular, a path consisting of  a diagonal segment 
joined to either a horizontal or a vertical segment is a geodesic. We look for metriza- 
tions of  the four-connection and the eight-connection graphs with unique geodesics 
which lie on paths of  these forms. 
In the remainder of  the paper a vertex of  the four-connection graph or of the eight- 
connection graph will be represented either by coordinates (x, y)  or by a vector v. The 
unit vector i will represent he vertex (1,0) and the unit vector j will represent he 
vertex (0, 1). The edge joining a vertex v to a vertex v + u will be denoted by [v, u]. 
An M by N block is a subgraph of the four- or eight-connection plane containing 
vertices v = (x,y)  with O<~x<~M and O<~y<~N. A metrization of  an M by N block is 
said to be doubly periodic if there exist positive integers m and n such that d(u, v) = 
d(u + mi, v + mi) = d(u + nj, v + nj) whenever the vertices lie in the block. Translations 
parallel to the axes will be denoted by T~ and T,, where Tx(v) = v+i and Tv(v) = v-~j. 
We are grateful for extensive discussions of the problem of the existence of doubly 
periodic normally geodetic metrizations with J.W. Anderson. Theorem 4 is one outcome 
of those discussions. 
Theorem 4. There is no normally geodetic metrization of  an M by N block of  the 
four-connection plane which is doubly periodic with periods m and n if  M >~(n + 2)m 
and N >~ 2n. A similar result holds in the eight-connection plane so long as M >~ (n ÷ 
3)m. 
Proof. Suppose that there is a normally geodetic metrization of  an M by N block 
of  the four-connection plane which is periodic of  period m in the first variable and 
periodic of  period n in the second with M>~(n + 2)m and N>~2n. Choose a vertex 
u = (a,b) such that 0~<a < m,O<~b < n and d(u,u + mi) = min[d(v,v + mi)], the 
minimum being taken over all vertices v in the block. Since the geodesics are normal 
the geodesic s between u and (u + (n ÷ 1)mi + nj) consists of at most n + 1 horizontal 
segments joined by at most n÷ 1 vertical segments. At least one (in fact precisely one) 
of the horizontal segments contains at least m edges, say from v to (v + mi). Then s 
consists of  three geodesic sections: s0 from u to v, cq from v to v ÷ mi and s2 from 
v + mi to u + (n + 1)mi + nj. Then l(~) = l(c~0 + Tx m~2) + l(Sl ). Now, so + T~ "sx 
is a path from u to u ÷ nmi ÷ nj so its length is at least that of  the unique geodesic 
fl between these points, while by choice of u the length of sl is at least that of the 
geodesic "/ from u to u + mi. Hence, the length of  the geodesic s is at least that of  
the paths fl + TnmT~ny and 7 + Tmfl • The three paths have the same end points and 
the last two have the same length. Thus, s is not a unique geodesic between its end 
points. 
The proof of  the theorem for the eight-connection plane is similar. In this case the 
geodesics consist of  horizontal segments connected by diagonal segments, and one 
needs to consider the geodesic from u to u(n .l. 2)mi + nj to ensure that one of the 
horizontal segments contains at least m edges. 
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5. Geodet ic  metr izat ions of  the four connect ion plane 
Our aim in this section is to consider certain geodetic metrizations of the four connec- 
tion plane, concentrating mainly on integral metrizations. The first example (Example 
3) is of an integral normally geodetic metrization of an unbounded subset of the plane. 
It has been proved in Theorem 4 that there is no doubly periodic normally geode- 
tic metrization of the whole plane. We conjecture that there is no normally geodetic 
integral metrization of the whole of the plane, even with an infinite number of edge 
lengths. Indeed, we show that there is no such metrization in which each geodesic 
consists of no more than two straight-line segments. However, we show that there is 
an integral geodetic metrization of the whole plane with edge geodesics. We also show 
how to modify Example 3 to obtain a normally geodetic rational metrization of the 
whole of the four connection plane in an alternative way to the method of Theorem 1. 
Example  3 (A normally geodetic integral metrization of an unbounded subgraph of 
the four-connection plane). Consider the subgraph G, of the four connection plane 
lying in the strip O<~y<~n,x~O. Allocate length r + is to each edge lying on a 
line x = i,i>-O and length r to each edge lying on a line y = j,x>~O (Fig. 3). If 
0 < ns < 2r then this integrally metrized subgraph is normally geodetic. 
Proof .  A geodesic cannot contain a subpath consisting of two edges from (i, j) to 
( i+ 1,j) and then to ( i+ 1 , j+ 1) (a SE comer) or of two edges from (i, j) to ( i+ 1,j) 
and then to (i ÷ 1 , j -  1) (a NE comer). In each case the path along the other two 
sides of the square is shorter since s > 0 (see Fig. 3). 
A geodesic annot contain a subpath consisting of the edge from (i, j) to ( i -  1,j), 
all the vertical edges to ( i -  1 , j -  k) and then the edge from there to ( i , j -  k) when 
k is positive (a NW comer followed by a SW comer). In this case the vertical path 
consisting of the edges from (i, j) to ( i , j -  k) is shorter since ks<~ns < 2r (see 
Fig. 4). 
Thus, each geodesic onsists of a horizontal segment or a vertical segment, or a 
vertical segment o the left of a horizontal segment (i.e. meeting in a NW or SW 
comer). Hence, the metrized subgraph Gn of the four-connection graph is normally 
geodetic. 
P 
r + is :::;r+ 
I ............. r ............ i 
(i+ 1)s 
P 
,. + (i  + 1)~ 
Fig. 3. Allowable comers: The solid lines show the geodesics between their end points, while the dotted 
lines show other edges in the four-connection graph. 
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Fig. 4. Vertical geodesics: The solid lines shows the geodesic between its end points, while the dotted lines 
show other edges in the four-connection graph. 
This construction cannot be extended to the whole of the plane, or indeed to the 
whole of  the first-quadrant, using integer edge lengths in a way which maintains the 
same pattern of  unique geodesics (see Theorem 5). However, if r and s are odd prime 
numbers then the construction can be extended to the right half-plane, and so by 
reflection to the whole plane, to give a geodetic graph in which many of the geodesics 
lie on the double comb tree of  Example 1 (see Example 4). The graph is not normally 
geodetic but it does have edge geodesics. If edge lengths are allowed to be rational 
rather than integral then the construction can be extended to the whole four connection 
plane to give a normally geodetic graph (see Example 5). 
Theorem 5. It is not possible to allocate integer lengths to the edges of  the first- 
quadrant of the four connection plane in such a way that geodesics are unique and 
9eodesics are horizontal or vertical segments or consist of  two such segments meeting 
at a NW or a SW corner. 
ProoL In order that the geodesic from v + ~j to v + ~j + j  + i passes through v + kj +j  it 
is necessary that l[v + ~j,j] + l[v + ~j +j,  i] < l[v + Kj, i] + l[v + tcj + i,j]. I f  the lengths 
are integral this is equivalent to l [v+Kj+i, j]  >1 l [v+~j+j, i ] - -  l[v+~cj, i ]+  l[v+~cj,j]+ 1. 
In order that the geodesic from v + i to v + i + kj should consist of  the vertical edges 
joining them it is necessary that ~ l[v + i + ~cj,j] < l[v, i] + l[v ÷ kj, i] + ~ l[v + Kj,j], 
the sums being taken from ~c = 0 to ~ = k - 1. But ~ l[v + i + ~cj,j] ~ l[v + kj, i] - 
l[v,i] + ~ l[v + ~cj,j] + k, so we obtain a contradiction when k >~2l[v,i]. 
Example 4 (A geodetic integral metrization of the four-connection plane with 
edge geodesics). Suppose that in Example 3 the numbers r and s are primes with 
r < s < 2r. Then ~-~l[v+i+~cj,j] ¢ l [v , i ]+l [v+kj ,  i ]+~l [v+~j , j ]  since ks ¢ 2r. 
When k < 2r/s the geodesic from v+i  to v+i+k j  is the set of  vertical edges 
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joining the two vertices. When k > 2r/s the geodesic from v + i to v + i + kj lies in 
the double comb tree described in Example 1. The restriction to the strip 0 ~< y ~< n, is 
no longer needed; the construction is valid in the whole of the right-hand half-plane. 
Now, by reflection in the y-axis integers can be allocated to all the edges in the four 
connection plane so that geodesics are unique. Geodesics lie in the double-comb tree or 
consist of a short vertical segment or one of these together with a horizontal segment. 
In particular, if r -- 3 and s = 5 then single vertical edges are geodesics but no longer 
vertical segments are geodesics. 
Example 5 (A normally geodetic rational metrization of the four connection plane). 
This example is obtained by modifying Example 3 to make the differences of lengths of 
vertical edges form convergent sequences, o that the arguments of Theorem 5 are no 
longer valid. Let all horizontal edges in the four-connection plane be allocated length 
2. Allocate length 2 ÷ i/k 2 to the vertical edge in the first-quadrant from ( i , k -  1) to 
(i,k) and allocate lengths to edges in the other quadrants o that the pattern is invariant 
under reflections in the axes. Then geodesics admit only NW and SW comers in the 
right-hand half-plane, and NE and SE comers in the left half-plane. Since ~ 1/k 2 = 
n2/6 ~ 1.645 no vertical segment from (i, j) to (i,k) with i > 0 exceeds the length of 
the segment from ( i -  1,j) to ( i -  1,k) by more than 3.29. Thus, each vertical segment 
is a geodesic. Geodesics between two vertices in the same half-plane have at most 
one horizontal and one vertical segment. Geodesics between vertices in opposite half- 
planes are either a horizontal segment or have two horizontal segments and a vertical 
segment which is on the y-axis. All the geodesics follow combinatorial paths which 
are geodesics in the unit edge graph, so the metrized graph is normally geodetic. 
6. Geodetic metrizations of the eight-connection plane 
Each geodetic metrization of the four-connection plane gives rise to a geodetic 
metrization of the eight-connection plane. It is sufficient to allocate to each diago- 
nal of a unit square the sums of the lengths of the four edges of the square. Then no 
diagonal is included in a geodesic, and the geodesics of the metrized eight-connection 
plane are the same as the geodesics in the original metrized four-connection plane. 
However, we are still left with the problem of metrizing the eight-connection plane to 
make it geodetic with edge geodesics or normally geodetic. The method of Example 3 
can be used to construct a normally geodetic integral metrization of a subgraph of the 
eight-connection plane. 
Example 6 ( A normally geodetic integer-edge subgraph of the eight-connection plane). 
Consider the subgraph Gn of the eight-connection plane lying in the region O<~y<~n,x 
~>0. Let r, s and t be positive integers uch that 3ts < r and n < 2t. Allocate length 
r to each edge lying in each line y = j ,  length r + is to each edge lying on a line 
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7" 
c. ./: 
r + (i is ..... ¢"+ (i + 1 + t)s r + (i r + is 
r + (i - 1)s [ . /~+( i+ t)s 
I 
"'"...... 
7- + ( i ~ 2 :  r + is 
r 
+ ( i ~ ~  is ....... r + (i + 1 + t)s 
1" z 
Fig. 5. Allowable corners: The solid lines show the geodesics between their end points, while the dotted 
lines show other edges in the eight-connection graph. 
x ---- i and length r + (i + 1 + t)s to each diagonal edge from a point (i, y) to a point 
(i + 1, y + 1). Then this integrally metrized subgraph is normally geodetic. 
Proof. The inequalities guarantee that each edge is the geodesic joining its end points. 
Thus, pairs of edges in a geodesic annot meet in an acute angle or a right angle 
between a horizontal and vertical edge. Moreover, pairs of edges in a geodesic annot 
meet in a right angle between diagonal edges. The only pairs of adjacent edges which 
form a geodesic meet in an obtuse angle with a vertical edge to the left of a diagonal 
or a diagonal edge to the left of a horizontal (see Fig. 5). 
Thus, a geodesic an have no more than five straight segments, two horizontal seg- 
ments joined on the left by two diagonal and one vertical segment. Now, the inequalities 
guarantee firstly that a diagonal ine segment from (i,j) to (i + k , j  + km) is shorter 
than a path with three line segments which goes via ( i , j  + 1 ) and (i + k -  1,j + k), 
secondly that a diagonal ine segment from ( i , j )  to ( i -  k , j  + k) is shorter than a path 
with three line segments which goes via ( i -  1,j) and ( i -  k , j  + k-  1 ), and thirdly that 
each vertical segment from ( i , j )  to ( i , j  + k) is shorter than a path with three segments 
which goes via ( i -  1 , j+  1) and ( i -  1 , j+k-  1) (see Fig. 6). 
It follows that each geodesic has no more than two line segments with one acute 
angle between them. Thus, the metrized graph is normally geodetic. 
The proof of Theorem 5 can be modified to prove that the pattern of geodesics in 
Example 6 cannot be extended to the first-quadrant using integral edge lengths. 
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Fig. 6. Diagonal and vertical geodesics: The solid lines show the geodesics between their end points, while 
the dotted lines show other edges in the eight-connection graph. 
Theorem 6. It is not possible to allocate integer lengths to the edges of the first- 
quadrant of the eight-connection plane in such a way that geodesics are unique and 
geodesics are horizontal, vertical or diagonal segments or consist of two straight 
segments with a diagonal to the left of a horizontal segement or a vertical to the left 
of a diagonal segment. 
Proof. In order that a vertex from v + kj to v + kj + i + 2j passes through v + kj +j it is 
necessary that l[v + kj,j] + l[v + kj +j, i +j]  < l[v + kj, i +j]  + l[v + kj + i +j,j]. I f  the 
edge distances are integral this is equivalent to l[v + kj + i +j,j] >1 l[v + kj,j] + l[v + kj + 
j ,  i + j ]  - l[v + kj, i +j]  + 1. In order that the geodesic from v + i - j  to v + i + nj +j  is 
a vertical segment it is necessary that l[v+i-j, j]+l[v+i,j]+~--~ l[v + i + j  + kj,j] < 
l[v + i - j , j  - i] + ~ l[v + kj,j] + l[v + nj, i + j] the sums being taken from 
k = 0 to k = n -  1. But ~l[v+k j+ i+ j , j ]>~suml [v+k j , j ]  + l [v+nj,  i+ j ] -  
l[v, i +j]  + n so we obtain a contradiction when n > l[v + i - j , j  - i] - l[v + i - j , j ]  - 
l[v + i , j ]  + l [v , i  +j]. [] 
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